One of the most complicating factors in decentralized optimization for power systems is the modeling of power flow equations. Existing formulations for DC power flows either have limited scalability or are very dense and unstructured, making them unsuitable for large-scale decentralized studies. In this work, we present a novel DC power flow formulation, based on sparsified injection shift factors, which has a decomposable block-diagonal structure, scales well for large systems, and can efficiently handle N-1 security requirements. Benchmarks on Multi-Zonal Security-Constrained Unit Commitment problems show that the proposed formulation can reliably and efficiently solve instances with up to 6,515 buses, with no convergence or numerical issues.
Introduction
The power industry still predominantly relies on centralized methods for the optimal operation of the electrical grid. When clearing the day-ahead electricity markets, for example, Independent System Operators (ISOs) collect, in a central location, information coming from a variety of market participants, located across a vast geographical region. In recent years, such centralized approaches have raised a number of concerns. First, due to scalability. As the size and complexity of power systems expands, so has the computational power required to optimize their usage. The Midcontinent Independent System Operator (MISO), for example, reported that a recent expansion of market participation and virtual bidding had a serious impact on the computational performance of their software [3] . The report also describes how simply adding more processing cores to current centralized algorithms is very ineffective at reducing computational times. The second concern is related to data access. While centralized methods assume that all the necessary data is readily available at one location, the reality is that resources in different regions may belong to different ISOs and Regional Transmission Organizations (RTOs), which may be reluctant to disclose internal details. There is arXiv:2001.07771v1 [math.OC] 21 Jan 2020 evidence that the lack of computationally efficient methods which can handle data belonging to multiple parties has led to significant resource under-utilization and higher energy prices.
A study conducted by ISO New England [18] , for instance, showed that, during roughly half of the time in 2009, the power flows in the transmission lines connecting ISO-NE to its neighbors were flowing in the wrong direction. Decentralized power systems optimization is an alternative approach where, instead of collecting private data from numerous zones into one particular location, each zone independently solves a smaller-scale optimization problem.
Some small amount of information is then shared among the zones for coordination, and the subproblems are repeatedly reoptimized, until a global equilibrium is reached. In contrast to centralized methods, decentralized optimization can naturally scale via parallel computing and does not require sharing of private information between zones. Over the past decades, various decentralized approaches have been proposed for DC-OPF and Economic Dispatch [17, 6, 12, 14] , AC Optimal Power Flow [7, 15, 5, 13, 11] and Unit Commitment [8, 4, 10] . We refer to [16] for a more complete survey. Two main formulations for DC power flows have been described in the literature. The phase-angle formulation computes the flow in each transmission line based on the phase angle difference between the two buses that the line connects. Because the flow in each line can be computed from local information only (the phase angles of its endpoints), this is the formulation employed in the vast majority of decentralized methods proposed in the literature. Nevertheless, the phase-angle formulation suffers from two serious limitations which makes it unsuitable for large-scale systems. First, it is unable to exploit the fact that, in realistic systems, only a small fraction of transmission constraints need to be enforced. Second, and more importantly, if the problem requires that flows remain within the safety limits even after the unexpected failure of any individual transmission line -a requirement known as N-1 security, and imposed by the North American Electricity Reliability Corporation (NERC) -then multiple copies of the phase-angle variables are necessary, making the problem size prohibitively large. For this reason, almost the entire literature on decentralized optimization for power systems has neglected contingencies. One notable exception is [1] , which incorporates internal contingencies only, by combining injection shift factors with the formulation we present next.
The injection shift factors (ISF) formulation, which is currently the most widespread formulation in the industry, directly calculates the flow in each transmission line as a weighted sum of the net injections at each node of the network. Since the flow in each line can be computed independently from the remaining ones, if it is known from previous experience that a certain transmission line is not under risk of exceeding its thermal limits, then the associated flow variables and constraints can be dropped from the formulation. This observation allows the formulation to scale to very large systems, and can also be exploited to efficiently model N-1 security constraints. The main drawback of the ISF formulation, which has prevented its usage in decentralized optimization, is its high density and lack of structure: in order to calculate any flows, precise information of the entire network is needed.
In this work, we describe a novel DC power flow formulation for decentralized optimization, based on geographical decomposition, which combines the best properties of the two formulations above. Like the phase-angle formulation, our proposed formulation is well structured, and computes the power flow in each transmission line using only information located either within the zone, or at the zone's boundary. Like the ISF formulation, our proposed formulation scales very well for large systems, since it allows non-critical variables and constraints to be removed. The formulation is based on the fact, which we prove in Section 3, that the injection shift factors of external zones are a convex combination of the shift factors at boundary buses. With a small number of linking constraints, we show that it is possible to drop a large number of coefficients from the ISF matrix, obtaining a much more sparse, well-structured and decomposable formulation. We also show, in Section 4, how can this formulation be adapted to efficiently handle N-1 security requirements. Unlike [1] , which only considered internal contingencies, our approach can handle unexpected outages that occur either within or outside the zone. To the best of our knowledge, this is the first work where this has been done.
To evaluate the computational efficiency of the proposed formulation, we benchmark it on the Security-Constrained Unit Commitment Problem (SCUC), a challenging NP-hard problem solved daily to clear the day-ahead electricity markets. In Section 5, we present computational results on a diverse set of realistic, industrial-sized instances ranging from 1,888 to 6,515 buses, split into two geographical zones. In our experiments, the proposed formulation is able to reliably solve all instances in under 60 minutes of wallclock time, with no convergence or numerical issues, and very small optimality gaps when compared to centralized solutions. In comparison, the decentralized phase-angle formulation failed to solve even the smallest test cases, even when allowed very relaxed convergence and feasibility tolerances. Although we only present computational results for SCUC, we stress that the formulation is applicable to any problem that uses the DC power flow equations.
Preliminaries

Optimal exchange via ADMM
Alternative-direction method of multipliers (ADMM) is an algorithm for solving optimization problems in a distributed computing environment. Since its introduction in the 1970s, ADMM has been successfully applied in a number of fields [2] , including power systems [7, 13, 8] . In this manuscript, we use it to solve the canonical optimal exchange problem, given under-produced. The algorithm stops when a certain convergence tolerance ε is reached. We note that Algorithm 1 can be implemented without centralized coordination. Asynchronous versions of the method have also been proposed. For a more details we refer to [2, Subsection 7.3.2] . In contrast to the consensus problem, which has been commonly used for decentralized optimization in power systems, the optimal exchange problem better fits the import/export nature of power exchanges, and, as a consequence, gives more natural and meaningful values to the λ variables. We conclude this subsection by recalling that ADMM is only guaranteed to converge when the functions f i are closed, proper and convex. In other situations, the method can still be used as a heuristic.
Algorithm 1 Optimal Exchange via ADMM 1: Let ρ ∈ R and ε ∈ R be given. 
Centralized phase-angle formulation
Consider a transmission network composed by a set B of buses and a set L of transmission lines. In this manuscript, we represent this network as a directed graph, where the direction assigned to each line is arbitrary. For each bus b ∈ B, we have two decision variables: n b , the net amount of real power (in MW) injected at the bus; and θ b , the phase angle (in per-unit) at the bus. The phase-angle formulation of the DC power flow equations is given by
where β l is the susceptance of transmission line l and F l is the transmission thermal limit.
Constraints (2a) computes the flow f uv in transmission line (u, v), based on the phase-angle difference of its endpoints. Constraints (2b) enforce the preservation of flow across the entire network.
Decentralized phase-angle formulation
We now consider transmission networks decomposed into multiple zones. Consider a partition (L 1 , L 2 ) of the transmission lines L such that the subnetworks induced by L 1 and L 2 are connected components (that is, they have no islands). We will refer to these subnetworks as zones 1 and 2. Let B 1 and B 2 be the sets of buses incident only to transmission lines in L 1 and L 2 , respectively. Let B ∩ be set of buses incident to both. We assume that no generators or loads are located at buses B ∩ , and therefore the net injection at these buses is zero. This assumption is not restrictive, since any generators or loads located at these buses can be moved to new artificial buses, located either in B 1 or B 2 and connected to the original bus by artificial transmission lines with very high capacity. The centralized phaseangle formulation, presented in the previous subsection, can be rewritten as
where w k b indicates the amount of power (in MW) exported from (or imported into) zone k at bus b. The superscript k in the formulation above indicates which subsystem, in a distributed computation environment, would own the decision variable. Equations (3a)-(3d) are clearly local, since all decision variables appearing in these equations belong to the same subsystem.
Only equations (3e)-(3f) affect multiple subsystems. These equations can be easily handled by the optimal exchange algorithm presented in Subsection 2.1.
Injection shift factors formulation
The injection shift factors formulation of the DC power flow equations is given by
where δ lb is constant known either as injection shift factor (ISF) or power transfer distribution factor (PTDF), and represents the amount of power that flows through line l when 1 MW is injected at b and withdrawn from the slack bus. Let ∆ ∈ R |L|×|B| be the matrix formed by the δ lb constants. The main drawback of the ISF formulation is that ∆ is typically very dense and unstructured. To increase the sparsity of ∆, a common practice in the industry is to discard all δ lb entries that have magnitude below a fixed threshold. Although this technique can effectively reduce computational times, it results in decreased accuracy and does not improve the structure of ∆.
Decentralized injection shift factors formulation
In this section, we modify the ISF formulation presented in Subsection 2.4 to make it more suitable for distributed optimization. We start in Subsection 3.1 by showing how to compute injection shift factors in a decentralized way. Then, in Subsection 3.2, we show that a large number of coefficients can be dropped from the ∆ matrix by introducing a small number of linking constraints. In Subsection 3.3 we present our proposed formulation.
Decentralized computation of ISF
The first challenge of using the ISF formulation for decentralized optimization is the computation of the injection shift factors. In a centralized setting, the matrix ∆ is typically computed through the expression
where M ∈ {−1, 0, 1} |L|×(|B|−1) is incidence matrix of the network, with the column corresponding to the slack bus removed, and D ∈ R |L|×|L| is a diagonal matrix containing the line susceptances. In a decentralized setting, the matrices D and M are not available, and therefore this expression cannot be used.
For decentralized optimization, we propose to compute ∆ by solving |B| Single-Period DC Power Flow problems, using the decentralized phase-angle formulation presented in Subsection 2.3. In each subproblem, the net injection at the slack bus is set to −1 MW, and the net injection of exactly one bus b ∈ B is set to 1 MW. The vector of flows obtained correspond to one column of the ∆ matrix, by definition. Because these subproblems are single-period and have an empty objective function, they can be solved very efficiently in practice, even using the phase-angle formulation. Since the subproblems have no interdependencies, they can also be solved in parallel, making this task even faster.
We also clarify that ∆ only needs to be computed once for each transmission network.
Once this matrix is pre-computed through the simplified problem above, it can be repeatedly used to formulate much more challenging power systems optimization problems, such as Multi-Period DC Optimal Power Flow (DC OPF) and Security-Constrained Unit Commitment (SCUC).
Sparsifying the ISF matrix
Even if the matrix of injection shift factors ∆ is available, it still lacks the block-diagonal structure that is typically required for decentralized methods to work well. In this subsection we prove that, when the transmission network can be partitioned into zones that have only a small number of tie lines between them, then, by adding a small number of linking constraints to the original ISF formulation, a large number of coefficients in the ∆ matrix can be dropped, resulting in a much more sparse and well-structured matrix. For simplicity, we focus on the 2-zone case. Each zone can be further subdivided, if desired, using the same method proposed in this subsection.
be a partition of the transmission network as defined as in Subsection 2.3. In the following, we assume that the rows of ∆ corresponding to lines L 1 were computed with the slack bus located in B 1 , while the rows corresponding to lines L 2 were computed with a slack bus in B 2 . Since, in the ISF formulation presented in Subsection 2.4, each transmission constraint is completely independent from the remaining ones, this usage of multiple slack buses is allowed, and does not change the values of the f l variables. For clarity, we partition the ∆ matrix as:
In the following, we show that each column of ∆ 12 and ∆ 21 is a convex combination of the columns of ∆ 1∩ and ∆ 2∩ , respectively. First, we present a numerical example to clarify this result.
Example 1. Figure 1a shows the partitioned ISF matrix ∆ corresponding to this network. In the following, we prove that 
Here, we use approximate equality because all entries of the matrix in Figure 1a have been rounded to two decimals digits; if the matrix is represented exactly, equality holds. the net injections of the remaining buses is n. Let θ ∈ RB be the vector of phase angles in this scenario. That is, let θ ∈ RB be such that
The next claim shows that, by modifying only the phase angles in B 2 , it is possible to shift the 1 MW net injection from bus c ∈ B 2 to buses the buses in B ∩ .
Claim. There existθ ∈ RB andñ ∈ RB such thatθB
Proof. Partitioning the rows and columns of G, we may rewrite (6) as
We recall that G is a Laplacian matrix with one column and one row (corresponding to the slack bus) removed. Since there are no edges between B 1 and B 2 , all entries of G 12 and G 21 are zero. Therefore,
where the last equality follows from (5) . This shows that the first set of constraints in (7) is always satisfied. Rewriting the two remaining sets of constraints, we obtain
where I is the identify matrix. Since G 22 is non-singular, then Q is also non-singular. This implies that this system of linear equations always has a solution, proving that the desired θ andñ always exist.
Letθ andñ be vectors satisfying (6) and let γ 2 bc =ñ b , for every b ∈ B ∩ . Now we prove that γ 2 satisfies (4a) and (4b). Consider a transmission line l ∈ L 1 . Recall that δ lc is the flow in l when the phase angles and net injections are θ and n, respectively. Letδ lc be the flow in l when the phase angles and net injections areθ andñ. Computingδ lc through injection shift factors, we haveδ
Note, however, that the phase angles at the endpoints of l have not changed, and therefore δ lc =δ lc . This proves that γ 2 satisfies (4a). Since the slack bus s is located in B 1 , the flows in its incident transmission lines have also not changed, and therefore its net injection is still −1 MW. Flow preservation implies
proving that γ 2 also satisfies (4b).
Decentralized ISF formulation
Based on Theorem 1, we can rewrite the transmission constraints in the ISF formulation, as well as the power balance equation, in a more decomposable way. For every b ∈ B ∩ , let w 1 b , w 2 b be auxiliary decision variables. As in Subsection 2.3, we replace the decision variables n b by either n 1 b or n 2 b , depending on whether b ∈ B 1 or b ∈ B 2 , to indicate which subsystem, in a distributed computing environment, would own the decision variable. We still make the assumption that n b = 0 for every b ∈ B ∩ . Our proposed decentralized injection shift factor formulation is given by:
By applying Theorem 1, it can be easily verified that this formulation is equivalent to the original ISF formulation presented in Subsection 2.4. In the proposed formulation, however, assuming that B ∩ is small, only a small number of constraints, namely (9a) and (9b), are non-local. Equations (9c)-(9e), which comprise the vast majority of constraints for largescale systems, are now completely local. Similarly to the original formulation, note that the f k l variables are still independent from each other, and therefore can be added lazily to the formulation, making the proposed formulation scalable to very large systems. Consider a pair of transmission lines m, q ∈ L. We will refer to m as the monitored line, and q as the outaged line. We would like to enforce the transmission limits on m, whether q is operational or not. We assume that disconnecting q does not create islands, and that all net injections remain the same. In Subsection 4.1, we consider the case where m and q belong to the same zone. Then, in Subsection 4.2, we consider the case where they belong to different zones.
Internal outages
Suppose that the monitored line m and the outaged line q belong to the same zone. Let f m and f q be the flows in m and q when q is operational. Also, letf mq be the flow in transmission line m after q is disconnected. It is well known that there exists a constant φ mq , known as line outage distribution factor, such that
The constant φ mq can be easily computed from the matrix of injection shift factors [9] . To enforce valid flows under all internal outages, it is sufficient to add the following constraints to Formulation (9):
Similar to the regular transmission constraints, if it is known, from previous experience, that a certain flowf k mq is not under risk of exceeding its limits, this variable and its associated constraints can be dropped from the formulation.
External outages
Now consider the case where the monitored transmission line m and the outage transmission line q belong to different zones. In this situation, the approach outlined in the Subsection 4.1 cannot be used to computef mq , since f m and f q belong to different subproblems. This could be solved by requiring both zones to share with each other the precise flows in each of their own transmission lines. This solution, however, does not scale well computationally, since it dramatically increases the number of decision variables that need to reach consensus. It may also not be acceptable for privacy reasons. Because of these difficulties, previous decentralized formulations such as [1] simply ignore external outages. In this subsection, we present an alternative solution, with better scalability, which requires significant less sharing.
Let T denote the set of alternative network topologies in which the transmission limits need to be enforced. More precisely, each τ ∈ T corresponds to an alternative transmission network containing the same set of buses B, but having exactly one transmission line q ∈ L removed. For each τ ∈ T , let f lτ be the flow in transmission line l under topology τ . Let δ lbτ be the injection shift factors in topology τ , and let γ bcτ be the constants from Theorem 1 when applied to δ lbt . To enforce transmission limits in all topologies T , one possible solution would be to add the following constraints to Formulation (9):
Although it is possible, in theory, to solve this formulation using the ADMM procedure from Subsection 2.1, we expect very poor computational performance, due to the large number of consensus variables w k bτ . In the following, we propose an alternative solution method to enforce these constraints, which does not require any additional consensus variables. We start by showing that Equations (10c) are redundant, and therefore can be omitted. Next, we focus on simplifying Equations (10d) and (10e). For every b ∈ B ∩ and τ ∈ T , let e 1 bτ be a new decision variable representing the difference between w 1 bτ and w 1 b . That is,
Let e 2 lτ be similarly defined. Additionally, for every k ∈ {1, 2}, l ∈ L k and τ ∈ T , let g k lτ be a new decision variable representing the difference between f k lτ and f k l . That is,
With these auxiliary variables, it can be easily verified that Equations (10a), (10b), (10d) and (10e) can be replaced by
What we propose next is to replace, in the definitions of e k lτ and g k lτ , the decision variables n k b and w k b by constantsñ k b andw k b , corresponding to the the optimal values of n k b and w k b in the previous ADMM iteration. During the first ADMM iteration,ñ k b andw k b are set to zero. With this modification, the variables e k lτ and g k lτ become constants, which we denote byẽ k kτ andg k lτ . For clarity, these constants are defined as
Converting g k lτ to a constant causes the vast majority of Equations (11) to become redundant. Indeed, it is sufficient to enforce only the following set of constraints:
for every k ∈ {1, 2} and l ∈ L k . Equation (12) can be seen as a robust version of Equation (9e).
Given these modifications, our proposed solution method is the following. At the end of each ADMM iteration, each zone computes and shares with each other theẽ k bτ values. Unlike network flows, these values reveal very little private information. Upon receiving the updated e k bτ values, each zone computesg k l,min andg k l,max for each transmission line and updates the bounds of Equation (12) . The subproblems are then reoptimized, and the procedure repeats until the solutions converge.
Computational performance
The computational performance of the proposed formulation was evaluated on the Security- Inter-process communication was performed via MPI. A wallclock time limit of 3600s was imposed over the entire optimization process.
Instances
Seven instances from MATPOWER [19] , corresponding to realistic, large-scale European test systems, were selected to evaluate the formulations. Table 1 presents their main characteristics, including number of buses, generators and transmission lines. Some generator data, such as ramping rates, was missing from the original instances, and was artificially generated based on real data distributions. To split each instance into two zones, an auxiliary MILP was solved, as described in Appendix A. No attempt was made to keep the number of generators in different zones balanced, although the auxiliary problem could be easily modified to achieve this, if desired. The number of buses, lines and units within each zone is also described in Table 1 . 
Revised release-and-fix heuristic
We recall that the ADMM procedure described in Subsection 2.1 is not guaranteed to con- Based on these observations, Feizollahi et al [8] proposed a release-and-fix procedure,
where the continuous relaxation of the problem is solved first, to obtain an initial lower bound, then the procedure alternates between solving the original MIQP (the release cycle), and a restricted MIQP which has some (or all) binary variables fixed to particular values (the fix cycle), until either the solution becomes globally feasible, or a time limit is reached.
In this subsection, we present a revised version of this release-and-fix procedure. The entire process is described in Figure 3 . At the beginning, we repeatedly solve the original MIQP subproblems and update the ADMM multipliers, according to Algorithm 1. During this release cycle, we monitor the changes to the objective value. If, at the end of any ADMM iteration, the global objective value has not changed significantly when compared to the previous iteration, we fix all binary variables to their current optimal values. Then, we switch to the fix cycle, where we repeatedly solve restricted these QP subproblems and update the ADMM multipliers. In the fix cycle, ADMM is guaranteed to converge to a globally feasible solution, since the problem is convex, unless such a solution does not exist. Assuming that the original instance is feasible, this would indicate that variable fixing performed earlier was not adequate. In this case, the procedure releases all binary variables and returns to the release cycle. The procedure repeats until either a globally feasible solution is found, or a time limit is reached. Compared to the method described in [8] , the revised procedure presented in this subsection mainly differs in the rules used to switch between release to fix cycles. Here, we propose switches based on changes to objective value and infeasibility, while, in the original method, the switch is made after observing no changes in binary values over the course of 15 iterations, or simply after a fixed number of iterations. The proposed method also differs in its stop criterion. Here, we stop when a globally feasible solution is obtained, whereas in the original method, the search continues even after such a solution is found.
Computational Results
First, we present the computational results for the transmission-constrained version of the problem, which enforces only pre-contingency DC power flow constraints, and no N-1 contingency constraints. Table 2 shows the average running times (in seconds) required to solve Using the proposed formulation, the revised release-and-fix procedure described in Subsection 5.2 was able to solve all instances well within the 1-hour time limit. In all cases, the procedure ended with a globally feasible solution, with primal residuals within the tolerance. The optimality gaps, when compared to a centralized method, were also relatively small. On average, the method required 425 seconds, 41 iterations, and produced decentralized solutions which were 0.14% worse than the optimal central solution. Obtaining globally feasible solutions using the decentralized phase-angle formulation, on the other hand, proved very challenging. For all instances, the method exceeded the 1-hour time limit, and termi-nated without producing any globally feasible solutions. Even for the smallest instances, the primal residuals were still significantly high, indicating that the partial solutions were not compatible enough for the production schedule to be implementable. With the phase-angle formulation, CPLEX also faced several numerical issues when solving the associated QPs.
To mitigate these problems, we used relaxed convergence tolerances for the barrier method (CPX_PARAM_BAREPCOMP was set to 10 −3 ). No such issues were present with the proposed formulation. Similarly to the   previous table, Table 3 shows, for each instance, the average running time (in seconds), the primal infeasibility, the number of iterations and the optimality gap when compared to the central optimal solution. Here, we do not show the results for the phase-angle formulation, since this formulation, in its original form, would require one copy of the θ variables for each N-1 contingency scenario, resulting in an intractable optimization problem.
Enforcing N-1 security constraints, using the proposed solution method, did not make the subproblems significantly harder to solve. For all instances, the method was still able to find globally feasible solutions within the 1-hour time limit. On average, the method required 987 seconds, 49.6 iterations to produce solutions that were 0.06% worse than the centrally-obtained ones. The increase in running time came mostly from recomputing theg k lτ andẽ k bτ values at the end of each ADMM iteration, as described in Section 4, not specifically from reoptimizing the subproblems. There was also no indication that enforcing N-1 security constraints caused any increase in the number of ADMM iterations.
Conclusion
In this paper, we presented a novel formulation of DC power flows that is specially wellsuited for decentralized power systems optimization. Assuming that the transmission network can be separated into zones sharing a small number of tie lines, we proved that it is possible to sparsify the traditional injection shift factor formulation by adding a small number of auxiliary constraints. The obtained formulation presents a block-diagonal structure, which lends itself naturally to decomposition methods. We also described how to enforce N-1 security constraints without requiring multiple copies of the decision variables. Computational experiments on a large set of realistic Security-Constrained Unit Commitment instances demonstrated that the proposed formulation performs significantly better than the decentralized phase angle formulation used in previous studies. Although we only presented computational results for SCUC, we stress that this formulation is applicable to any power systems optimization problems that employ DC power flows. We are currently investigating its application to other families of problems. Another open question is how to optimally subdivide a large transmission network into multiple smaller zones, for improved computational performance.
